Abstract. Results on factorization (through linear operators) of polynomials and holomorphic mappings between Banach spaces have been obtained in recent years by several authors. In the present paper, we obtain a factorization result for differentiable mappings through compact operators. Namely, we prove that a mapping f : X → Y between real Banach spaces is differentiable and its derivative f is a compact mapping with values in the space K(X, Y ) of compact operators from X into Y if and only if f may be written in the form f = g • S, where the intermediate space is normed, S is a precompact operator, and g is a Gâteaux differentiable mapping with some additional properties. We also show that if f is uniformly continuous on bounded sets and takes values in K(X, Y ), then f is compact if and only if f is weakly uniformly continuous on bounded sets.
Introduction
It was proved in [GG1, Theorem 16 ] that a holomorphic mapping f : X → Y between complex Banach spaces is weakly uniformly continuous on bounded subsets if and only if there exist a Banach space Z, a compact (linear) operator S : X → Z, and a holomorphic mapping g : Z → Y such that f = g • S.
It is also well-known [A, Theorem 1.7 ] that a holomorphic function f : X → C is weakly uniformly continuous on bounded subsets if and only if its derivative f : X → X * is a compact mapping. In the present paper, we give similar results in the setting of differentiable mappings, thus giving a partial answer to a question of [GG2, page 338] . In Section 2, we prove that, given a mapping f : X → Y between real Banach spaces, f is differentiable and its derivative f is a compact mapping with values in the space K(X, Y ) of compact operators from X into Y if and only if f may be written in the form f = g • S, where the intermediate space is normed, S is a precompact operator, and g is a Gâteaux differentiable mapping with some additional properties. In Section 3, we show that if f is uniformly continuous on bounded sets and takes values in K(X, Y ), then f is compact if and only if f is weakly uniformly continuous on bounded sets.
Throughout this paper, X and Y denote real Banach spaces, and U ⊆ X is an open subset. The symbol B X stands for the closed unit ball of X. Given x ∈ X and r > 0, B (x, r) represents the open ball of radius r centered at x. If B ⊂ X is a subset, the notation co(B) is used for the convex hull of B. Given x, y ∈ X, we write I(x, y) for the segment with bounds x and y, that is, I(x, y) := co({x, y}). By L(X, Y ) we denote the space of all (bounded linear) operators from X into Y , endowed with the supremum norm. Its subspace of all compact operators is represented by K(X, Y ). The sequence (e n ) ∞ n=1 is the unit vector basis of c 0 . We say that a subset B ⊂ U is U -bounded if it is bounded and the distance dist(B, ∂U) between B and the boundary ∂U of U is strictly positive. In the case U = X, a subset B ⊂ X is U -bounded if and only if it is bounded.
A mapping f : U → Y is compact if it takes U -bounded subsets of U into relatively compact subsets of Y .
We denote by C wbu (U, Y ) the space of all mappings f : U → Y which are weakly uniformly continuous on U -bounded subsets of U , that is, for each U -bounded set B ⊂ U and each > 0, there are
If the space Y is omitted, it is understood to be the real field R. An operator is weakly uniformly continuous on bounded sets if and only if it is compact [AP, Proposition 2.5].
Given a mapping f : U → Y and a class M of subsets of U such that every singleton belongs to M, we say that
uniformly with respect to y on each member of M [Y, §1.2] . In this case, we write
where M is the class of all bounded subsets of X. We say that f is Gâteaux differentiable at
where M is the class of all single-point subsets of X.
We say that f is differentiable (respectively, Gâteaux differentiable) on U if it is differentiable (respectively, Gâteaux differentiable) at every point x ∈ U .
The factorization theorem
If K is a bounded subset of L(X, Y ), we construct a normed space in the spirit of [CDDL] . We define a continuous seminorm on X by
Then the set
is a closed subspace of X. Let π be the canonical quotient map of X onto the quotient space X/V K . We define a norm on X/V K by
This construction was used in [BGV] to factor multilinear mappings and polynomials. We shall use it here to factor differentiable mappings. 
As in the proof of [AS, Proposition 3.5], we observe that K is compact in K(X, Y ) and its span contains the set f (X). Let Z := X/V K be endowed with the norm introduced in (2.1), and denote by S : X → Z the quotient map π.
First of all we prove that S is a precompact operator. Let (x n ) n be a bounded sequence in X and let M := sup n x n . Fix > 0. Since K is compact, there exist
. . , φ p are compact operators, we can find a subsequence of (x n ), which we still denote by (x n ), such that (φ i (x n )) ∞ n=1 is a convergent sequence in Y for every i = 1, . . . , p. So there exists ν ∈ N such that
. . , p; n, m > ν) .
Given φ ∈ K, there is i ∈ {1, . . . , p} such that
Therefore,
So S(x n ) is a Cauchy sequence in Z and thus S is precompact, which proves (ii). Now we define g :
To see that g is well defined, suppose that S(x − y) = 0. Then
since the span of K contains the range of f . By the Mean Value Theorem [C,
So f (x) = f (y), and (i) is proved.
Given x, y ∈ X, the following limit exists:
For fixed x ∈ X, the mapping
, so g is Gâteaux differentiable. Moreover, since f is differentiable, for every bounded subset B of X, the limit in formula (2.
2) exists uniformly with respect to S(y) in S(B). Therefore g ∈ D M (S(x), Y ) where M := {S(B) : B ⊂ X is bounded}, and (iii) is proved. From the inequality (2.3), we have
and (iv) is proved. Since f is compact, from the equality
Suppose that there exist a normed space Z, an operator S from X onto Z, and a mapping g : Z → Y satisfying conditions (i)-(v) of (b). Then, clearly, f is Gâteaux differentiable. Moreover, it is Fréchet differentiable by (iii).
Remark 2.2. The mapping g in Theorem 2.1 is uniformly continuous on S(nB X ) for every n ∈ N. Indeed, for x, y ∈ nB X , we have
so the following diagram is commutative:
In the scalar-valued case (Y = R), S * Y is none other than the adjoint S * of S, which is compact, and condition (v) of Theorem 2.1 becomes superfluous.
The following example shows that the mapping g in Theorem 2.1 is not necessarily continuous.
Example 2.4. Let h ∈ C
1 (R) be given by
It is easy to see that f is differentiable and that
For each p ∈ N,
Factor f = g • S as in the proof of Theorem 2.1. Suppose that g is continuous at the origin. Then, given > 0, there is δ > 0 such that and let φ ∈ K. Then there are s ∈ N and x ∈ sB c 0 such that
Hence,
Taking suprema over φ ∈ K, we have
Therefore, |f (y) − f (0)| ≤ , which implies ≥ |f (y) − f (0)| = 2 r−1 r 2 , a contradiction.
We do not know if f admits a compact factorization through a Banach space.
Weakly continuous differentiable mappings
In this section, we give characterizations of the differentiable mappings whose restrictions to bounded subsets are weakly uniformly continuous, in terms of their derivatives. 
